Abstract. We consider a suspension of particles in a fluid settling under the influence of gravity and dispersing by Brownian motion. A mathematical description is provided by the Stokes equations and a Fokker-Planck equation for the one-particle phase space density. This is a nonlinear system that depends on a number of parametric functions of the spatial concentration of the particles. These functions are known only empirically or for dilute suspensions. We analyze the system, its stability, its asymptotic behavior under different scalings and its validity from more microscopic description. We summarize our conclusions at the end.
Fokker-Planck equation for the one-particle phase space density. This is a nonlinear system that depends on a number of parametric functions of the spatial concentration of the particles. These functions are known only empirically or for dilute suspensions. We analyze the system, its stability, its asymptotic behavior under different scalings and its validity from more microscopic description. We summarize our conclusions at the end.
1. Introduction. The theory for the steady flow of a viscous fluid containing a suspension of solid particles is well developed. The recent work of Batchelor [2] and Hinch 16 ] presents an analysis which is correct asymptotically for small concentration of randomly distributed particles. They obtained expressions for the effective fluid stress and the gravity induced sedimentation speed, with their dependence on the particle concentration. A review of their work and additional references are found in Batchelor [3] .
A number of studies of dynamic phenomena in suspensions have been made but the theory is far from complete. For the very simple problem of sedimentation through a stationary fluid, Crowley [10] , [11] , [12] has shown experimentally and analytically that a periodic array of spheres is unstable. Also, Siano [25] has demonstrated experimentally that a spatially uniform distribution of sedimenting particles is unstable for some range of parameters. Cohen and Hagan [9] have discussed Siano's results using a free energy function. Other studies ot stability in similar systems are found in [13] , [15] , [17] . A general reference for the static and dynamic theories of suspensions is Happel and Brenner [14] .
In this paper we present a dynamic theory for a suspension of particles subject to gravity and Brownian motion. We demonstrate the possibility of linear instability for a random, homogeneous distribution of particles and find a description of the resulting nonlinear equilibrium. This instability depends crucially on how the strength of the Brownian diffusion varies with the particle concentration. Although we are unable to find this diffusion coefficient exactly, we analyze some related problems that involve interaction effects for particles under Brownian motion. From this analysis one can get some idea about the properties of the diffusion coefficient that are relevant in the rest of the paper.
The configuration of particles is described by a distribution function f(x, , t) for the particle position x and velocity : at time t. It satisfies a Fokker-Planck equation in which the coefficients depend on the local volume fraction d d, (x, t) of particles.
The equation includes the effects of gravity, drag by the fluid, and diffusion in velocity space. After it and the effective fluid equation are formulated in 2, the equations are nondimensionalized in 3, and various scalings are discussed.
In 4 we linearize the equation about a spatially uniform state and derive the corresponding dispersion relation. This dispersion relation is analyzed in 5 to show the possibility of instability for some finite interval of wavenumber k.
Since the linearized equations may contain instability, a nonlinear theory is needed. The nonlinear Kramers-Smoluchovski limit [20] of weak spatial dependence (or strong velocity diffusion) is performed in 6, using an analogue of the ChapmanEnskog expansion [8] . In that limit we derive a nonlinear equation for the local volume fraction (x, t). This continuum theory for the suspension is the nonlinear analogue of the preceding linear analysis. Steady solutions of this equation are nonlinear equilibrium states. In one space dimension such solutions are discussed in 7 and in more detail, along with some results on their stability, in [21] . In 8 we consider the form of the N-particle linear Kramers-Smoluchovski limit which is an N-particle interacting diffusion process. In 9 we discuss the existence and dependence on concentration of the self-diffusion coefficient for interacting Brownian motions. At the end of this section we argue heuristically that the velocity diffusion coefficient used in 2 to 7 behaves more like the self-diffusion coefficient than the bulk diffusion coefficient for a system of interacting Brownian motions. The former decreases with concentration while the latter increases in general [4] . 2 . Formulation of the equations. We shall adopt a mathematical description of the suspension based on the Stokes equation for the fluid and a Fokker-Planck equation for the one-particle phase space distribution function. This description is compatible with the two-fluid modelling of the suspension [13] , [15] but contains more information allowing for the conclusions we wish to draw. In Appendix A we show that the usual two-fluid description, including Brownian effects, is inadequate for our purposes here.
Let Vp(t, x) and vr(t, x) be the average yelocities of the particle and fluid phase that have densities tap and pr respectively. Let (t, x) be the volume fraction density of the particles. The two-fluid continuum equations for the suspension have the following form [13] , [15] : [2] , [3] , [6] , [16] 7 0, 72 6 In these equations 4 and v are related to f by (2.12) In these equations A, B, C, E and F are constants depending on the physical parameters, while y, 0, and 8 are functions of the particle volume fraction and is a unit vector in the z direction.
We shall study the time and space variations and the stability of a suspension which is nearly uniform. Part of our motivation is a very interesting set of experiments by Siano [25] in which a spatially uniform suspension was found to be unstable for some range of parameters. We shall describe the scaling corresponding to those experiments as well as the scaling for linearization around a uniform state. The resulting equations will be analyzed in 4-7. (i) Siano We shall analyze (3.9) with u 0 throughout this section except at the end where we comment on the case u 0. (6.21) twice to obtain the equation It has a (quasi) stationary point bo with (7.4) cr (bo) 8. The N-particle Kramers-Smoluchovski approximation. In this and "the next section we shall consider some problems of a more general character regarding interacting particle systems. We shall not derive the nonlinear Fokker-Planck equation (2.11) from first principles. However, we shall discuss the derivation of a nonlinear diffusion equation from an infinite particle system. Before doing this we shall describe the (linear) Kramers-Smoluchovski limit [20] . The Smoluchovski-Kramers limit amounts to a small mean free time limit for this N-particle process. The "collision" term, the third term on the left in (8.9) , is assumed to be large compared to the other two terms. We can then carry out a fluid-limit calculation based on the equilibrium solution The determination of /5 and is complicated and we shall omit it (a similar computation for a simpler case is given in [23] ). We remark only that the diffusion tensor/5 i is proportional to the reciprocal of the tensor A' squared. So its dependence on x
is quite involved.
The interacting Brownian motion model of the next section is an infinite (N o) particle version of (8.13), much simplified to allow focusing on collective effects. 9 . Effective diffusivity of a Brownian particle in a swarm of other particles. The nonlinear Fokker-Planck equation (2.1 ), which is the starting point for our analysis, can itself be derived as an asymptotic limit of N interacting stochastic processes as N-in a manner analogous to propagation of chaos results [18] Let (x) be a smooth positive function of compact support that is even, (x)= (-x), x e R3. We consider an infinite system of Brownian motions that interact with each other with pair potential (x). This means that if (x (1), x(2), .) are the coordi-nates of these particles and if V. is the gradient with respect to the coordinates of the /'th particle then
j= is the infinitesimal generator of the process or, what amounts to the same thing, the formal joint probability density of these particles satisfies (9.2) --=OP .p, p P(t, x a), x z),...), Ot which is the Fokker-Planck equation. We shall not give a full mathematical treatment here so we do not go into the detailed construction of this infinite particle process [6] . Let [6] .
With this infinite particle process we can associate effective one-particle diffusion coefficients in two different ways.
(i) The self-diffusion or tagged particle diffusion coefficient. (ii) The bulk or mean field diffusion coefficient.
The first one is obtained if we focus attention'on one particle x(t)= xl)(t) say, and show that (9.4) (x(t)-x(O))2a()t, t?c, where d(/x) is a constant depending on the concentration/x of the other particles at 0, distributed according to (9.3) . The constant d (/x) is the self-diffusion coefficient. It is not difficult to see that d (/x) is necessarily a decreasing function of/x for repulsive potentials " the more particles there are about x(t)= x()(t) the smaller its effective diffusivity will be since the other particles will tend to obstruct its Brownian motion.
The bulk diffusion coefficient is obtained in a different way. We consider the evolution (9.2) with initial density close to the equilibrium distribution (9.3) but different from it. Then the motion of the system of particles can be represented by It is well known that the self-diffusivity and the bulk diffusivity are in general different. In fact, the bulk diffusivity is an increasing function of the concentration here, at low concentrations [4] . Physically this means that at low concentrations the effective particle (t) feels a drift that pushes it into regions of lower concentration faster when the local concentration is higher.
The Fokker-Planck equation (2.11) is the analogue of (9.5) when the underlying system of interacting particles is not interacting Brownian motions but instead interacting Ornstein-Uhlenbeck processes (i.e. diffusion in velocity space rather than in physical space). The diffusion coefficient D 8(b) is the bulk diffusion coefficient in velocity space. Now however it depends on the spatial concentration and this behavior is more like the one ot the self-diffusion coefficient, i.e. D (b) decreases with concentration. The "effective" Ornstein-Uhlenbeck particle ($(t), :(t))whose density satisfies (2.11) diffuses in velocity space more sluggishly when there are lots of particles around.
This quilitative discussion is of course no demonstration that D 8(b) decreases with b when b is small. What we have shown to date is that the self-diffusion coefficient (ix) for the system described by (9.1) exists and is a decreasing function of Ix [6] . The existence of (b) in (9.5) from an infinite particle model, or D S(b) in (2.11), has not been shown while properties of (b) for b small follow from Batchelor's calculations [4] .
We conclude by noting that one may apply the propagation of chaos limit (obtain a mean field equation) at the level of interacting Ornstein-Uhlenbeck processes and then proceed with a nonlinear Kramers-Smoluchovski limit (as we did in 6). Alternatively one can apply a Kramers-Smoluchovski limit at the N-particle level ( 8) and then a mean field limit afterward resulting in (9.5). 10 A particle undergoes velocity diffusion due to many collisions in each of which it changes its velocity slightly. It thus moves chaotically through velocity space, but smoothly through physical space. In the nonlinear Kramers-Smoluchovski limit (described in 6), the strength of the velocity diffusion is very large ( Fig. 1 (6.20) .
This negative diffusion with a restabilizing fourth order term is the same as the Cahn-Hilliard equation [7] proposed in an ad hoc manner by Siano [25] to explain the instabilities in his experiments. It is also being studied in this context by Cohen and Hagan [9] . Our contribution is to successfully derive this equation from more basic physics. We also show that it has nonlinear equilibrium solutions which contain rapid variations similar to those observed by Siano. However we are unable to explain the entire "staircase" solution that he found.
We note finally that our instability and restabilization results embodied in the Cahn-Hilliard equation (6.20) The two-fluid equations for a suspension [13] , [15] in which S'= dS(dp)/d. A =pp(1-dP)+pfdp, B =S +txdpk2+i2plV(1 cP)k, C {(rCP-Oa V)k2+ikV(S-S')}(1-dp). Since Re to_-< 0, this mode is always stable. In the regime considered in this paper, diffusive effects are large compared to gravitational effects. Recall also that tr O(1/). Therefore (A.24) and (A.25) are always satisfied and the steady solution is stable.
